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By generalizing the Holstein-Primakoﬀ realization and the Dyson realization of the Lie algebra SU(2), various realizations of the
deformed angular momentum algebra Rc0 ,c1 ,c2q,s , a five-parameter deformed SU(2) by combining Witten’s two deformation schemes,
are investigated in terms of the single boson and the single inversion boson respectively. For each kind, the unitary realization, the
non-unitary realization, and their connection by the corresponding similarity transformation are respectively discussed.
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Lie algebras have played an exciting and significant role in
the development of various branches of physics and many
other areas of science and technology [1–11]. In 1983, Kul-
ish et al. [12] showed that the algebra that governs the XXZ-
Heisenberg spin model was a deformation of the Lie alge-
bra SU(2), called nowadays SUq(2). Since then, there are
many works devoted to various types of nonlinear algebras,
i.e. some specific deformations of the usual Lie algebras ob-
tained by introducing deformation parameters, due to their
interesting mathematical structure and possible applications
in a broad range of physical phenomena [13–27]. The non-
linear algebra to be discussed in this paper is a kind of multi-
parameter deformed angular momentum algebra, which gen-
eralizes Witten’s first and second deformation schemes of
SU(2) [14]. Here we denote it by Rc0 ,c1,c2q,s , whose three el-
ements Jμ (μ = 3, −, +) satisfy the following commutation
relations:







[J+, J−]s = D0 + D1J3 + D2J23 ,
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where [X, Y]q ≡ XY − qYX is a q-deformed commutator, q
and s are positive real numbers, Ci (i = 0, 1, 2) are real num-
bers, and three expansion coeﬃcients Di (i = 0, 1, 2) take
respectively
D0 = C0(C1 −C0C2), D1 = C1(1 − q) + 2C0C2q,
D2 = C2(1 − q2)
in order that the Casimir invariant of the type considered
by Polychronakos [15] and Rocˇek [16] exists in the limit of
s → 1. When q = p2, s = 1, C0 = p, C1 = 1/(1 + p2), and
C2 = 1/[p(1 + p2)], eq. (1) reduces to Witten’s first defor-
mation, when q = r2, s = r4, C0 = r, C1 = 2r2/(1 − r2), and
C2 = 0, eq. (1) to Witten’s second deformation. Furthermore,
diﬀerent from the quantum group SUq(2) [13, 19] and the
polynomial angular momentum algebras [21–24], both the
deformed commutators and the power series of J3 appear in
the algebraic structure (1). When q = s = C0 = C1 = C2 = 1
(or q = s = C0 = 1 and C1 = C2 = −1), R1,1,11,1 (or R1,−1,−11,1 )
becomes SU(2) (or its non-compact type SU(1,1)). If let
q = s = C0 = C1 = 1 and C2 = 0, then R1,1,01,1 becomes the
standard Heisenberg-Weyl algebra [28]. Hence, Rc0 ,c1,c2q,s can
be viewed as a type of five-parameter deformation of SU(2)
(or SU(1,1)) or Heisenberg-Weyl algebra.
In this paper, we study various single boson realizations
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and single inversion boson realizations of Rc0,c1,c2q,s , which
are analogous to the Holstein-Primakoﬀ realization and the
Dyson realization of SU(2) and SU(1,1). This paper is ar-
ranged as follows. In Section 1, some results of boson oper-
ators and inversion boson operators are briefly reviewed. In
Sections 2 and 3, the single boson realizations and single in-
version boson realizations of Rc0 ,c1,c2q,s are respectively studied
in detail, which include unitary realizations, non-unitary real-
izations, and their connections. A simple discussion is given
in the final section.
1 Preliminaries
Let a+ and a (a is adjoint to a+, i.e., a = (a+)†, a+ = (a)†)
be creation and annihilation boson operators respectively,
which, together with the particle number operator nˆ ≡ a+a,
satisfy commutation relations [28]
[a, a+] = 1, [nˆ, a+] = a+, [nˆ, a] = −a. (2)
The complete set of basis vectors of Fock space
F = {|n〉|n = 0, 1, 2, ...} (3)






In fact, these vectors are normalized eigenvectors of nˆ be-
longing to eigenvalue n, i.e.
nˆ |n〉 = n |n〉 , (5)
and satisfy
a+ |n〉 = √n + 1 |n + 1〉 , a |n〉 = √n |n − 1〉 . (6)
Though the boson operators, a and a+, do not possess any
inversion in a strict sense because of their singular feature,
the generalized inversion of these boson operators, denoted
by a−1 and (a+)−1 respectively, may be defined by their ac-








In fact, a−1 is only the right inversion of a since it satisfies
aa−1 = I.
However, a−1a is not unity (I) but is given by
a−1a = I − |0〉〈0|,
where |0〉〈0| is the projection operator on vacuum. Similarly,
(a+)−1 is only the left inversion of a+. As is seen, a−1 behaves
as the creation operator, while (a+)−1 as the annihilation op-
erator.
By direct calculations, it is easy to obtain the following
commutation relations:
[(a+)−1, a+] = |0〉〈0|,
[nˆ, (a+)−1] = −(a+)−1, (8)
[nˆ, a−1] = a−1.
2 Boson realizations of Rc0,c1,c2q,s




B(k)(J+) = f (k)(nˆ)ak, (9)
B(k)(J−) = (a+)kg(k)(nˆ),
where k is an integer, h(k)(nˆ), f (k)(nˆ), and g(k)(nˆ), being real
operator functions of nˆ only, need determining by the com-
mutation relations (1). The action of B(k)(J±) on the basis
vector |n〉 of the Fock space F leads to |n ∓ k〉 ∼ B(k)(J±)|n〉.










We call eq. (10) the unitary conditions of the boson realiza-
tion.
For the case of k = 1. Using the first or second equation of








with the help of the relations
(a+)k f (nˆ) = f (nˆ − k)(a+)k,
ak f (nˆ) = f (nˆ + k)ak.
(12)








where α is an arbitrary real number. It is worth mentioning
that h(1)(nˆ) is independent of the parameters s, C1, and C2.
The third equation of eq.(1) requires that f (1)(nˆ) and g(1)(nˆ)
satisfy the following diﬀerence equation:
(nˆ + 1) f (1)(nˆ)g(1)(nˆ) − snˆ f (1)(nˆ − 1)g(1)(nˆ − 1)
= C0(C1 −C0C2) + [C1(1 − q) + 2C0C2q]h(1)(nˆ)
+C2(1 − q2)[h(1)(nˆ)]2. (14)
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Note that the functions f (1)(nˆ) and g(1)(nˆ) do not appear sep-
arately but only appear as their product f (1)(nˆ)g(1)(nˆ).









qαD(1, nˆ + 1)
− C0C2(q + 1)
q − 1 D(2, nˆ + 1)
]
, (15)
where D(x, y) is defined as
D(x, y) =
qxy − sy
qx − s . (16)
This solution shows that we may have some freedom in the
choice of the functions f (1)(nˆ) and g(1)(nˆ).
(i) The unitary boson realization. The second equation of
eq. (10) requires that f (1)(nˆ) = g(1)(nˆ), then solving eq. (15),


















qαD(1, nˆ + 1) − C0C2(q + 1)













qαD(1, nˆ + 1) − C0C2(q + 1)
q − 1 D(2, nˆ + 1)
]
.
In order to obtain the real boson realization, the values of
n in the matrix elements of B˘(1)(J±) in the Fock space F =
{|n〉 |n = 0, 1, 2, ...} need limiting for the given {q, s, C0, C1,
C2}. When q = s = C0 = C1 = C2 = 1, eq. (17) becomes the
Holstein-Primakoﬀ realization of SU(2) [32]. Hence, we call
B˘(1)(Jμ) the Holstein-Primakoﬀ-like realization of Rc0 ,c1,c2q,s .
(ii) The non-unitary boson realization. If the unitary con-
ditions (10) need not satisfying, it follows from eq. (15) that
the convenient choice, for example, g(nˆ) = 1, may immedi-

















qαD(1, nˆ + 1)
−C0C2(q + 1)




When q = s = C0 = C1 = C2 = 1, eq. (18) becomes the
standard Dyson realization of SU(2) [33]. Hence, we call
B¯(1)(Jμ) the Dyson-like realization of Rc0,c1,c2q,s . Diﬀerent from
the Holstein-Primakoﬀ-like realization (17), no square-root
symbol appears in eq. (18) so that the Dyson-like realiza-
tion may not only avoid the convergence questions associated
with the expansion of square-root symbol but also make the
values of n in F = {|n〉 |n = 0, 1, 2, · · · } unlimited.
(iii) Unitarization of the non-unitary realization. It is not
diﬃcult to find that the non-unitary realization B¯(k)(Jμ) may
be related to the unitary realization B˘(k)(Jμ) by a similarity
transformation S , i.e.
S B¯(k)(Jμ)S −1 = B˘(k)(Jμ). (19)
In general, S is an operator function with respect to {a, a+, nˆ}.






U = B¯(k)(J+), (20)
where U ≡ S †S . Note that B¯(k)(J3) is already Hermitian, so
we call eq. (20) the unitarization equation of the Dyson-like
realization.
Now let us calculate the explicit expression of S 1, which
transforms the Dyson-like realization B¯(1)(Jμ) to the Holstein-
Primakoﬀ-like realization B˘(1)(Jμ). Owing to the fact that
B¯(k)(J3) = B˘(k)(J3) for the given integer k, eq. (19) implies
that S 1 commutes with J3 and is at most the function of nˆ,
i.e. S 1(nˆ). Thus, calculating the matrix element of eq. (20)
between the basis vectors 〈n − 1| and |n〉 and using eq. (18),
we may derive the equation satisfied by 〈n|S 1(nˆ)|n〉 ≡ S 1(n).
i.e.








q − 1 D(2, nˆ)
]
〈n − 1|S 1(nˆ)|n − 1〉2. (21)
Solving eq. (21) with the initial condition 〈0|S 1(nˆ)|0〉 = κ0
(κ0 is a real number) gives
S 1(n) = κ0
[ −C0









−α(q − 1)(q2 − s)(ql+1 − sl+1)
+C0C2q
−α(q − s)[2(q + s)(ql+1 − sl+1)
−q−α(q + 1)(q2(l+1) − sl+1)]
}1/2
. (22)
Using eq. (5), S 1(n) may be written as the operator function
S 1(nˆ) by replacing directly n→ nˆ in eq. (22).
3 Inversion boson realizations of Rc0 ,c1,c2q,s
For the case of k = −1. Substitution of eq. (9) in eq. (1)










f (−1)(nˆ)g(−1)(nˆ) − s
nˆ + 1
f (−1)(nˆ + 1)g(−1)(nˆ + 1)
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= C0(C1 −C0C2) + [C1(1 − q) + 2C0C2q]h(−1)(nˆ)
+C2(1 − q2)[h(−1)(nˆ)]2. (24)















− C0C2(q + 1)
q − 1 D(2,−nˆ)
]
, (26)
where D(x, y) is given by eq. (16).
It follows from eq. (26) that we obtain the explicit ex-
pressions for the unitary single inversion boson realization















D(1,−nˆ) − C0C2(q + 1)












D(1,−nˆ) − C0C2(q + 1)
q − 1 D(2,−nˆ)
]
,




















The above two kinds of inversion boson realizations are
unfamiliar to us. Now let us see the corresponding results for
a simple case Rc0,c1,c21,1 .
Taking q = s = 1 in eq. (1), introducing the parameter
λ = C1/C2, and rescaling J±, the commutation relations of
Rc0 ,c1,c21,1 read
[J3, J−] = −C0J−,
[J3, J+] = C0J+, (29)
[J+, J−] = (λ − 1) + 2J3.
In fact Rc0 ,c1,c21,1 is a two-parameter deformed algebra. Thus,
from eq. (27) we may immediately obtain the single inver-
sion boson realization of Rc0 ,c1,c21,1 :






For the realization (30), the acting space of B˘R1,1(Jμ) (μ =
3, −, +) may be certain subspace of the Fock space F , in
which n needs limiting in order that the values of the square
roots appeared in the matrix elements 〈n±1|B˘R1,1(J±)|n〉must
be greater than or equal to zero, i.e. n has to satisfy the con-
straint equation −C0(λ + C0n)  0. If C0 < 0, then n may
take 0, 1, 2,..., 
λ/|C0| (where 
x means integer part of x).
If C0 > 0, then n may take 0, 1, 2,..., 
−λ/C0. Their cor-
responding acting spaces are finite-dimensional. Especially,
when C0 = λ = 1, eq. (29) becomes the commutation rela-
tions of SU(2), then the square roots in the matrix elements
〈n ± 1|B˘su2(J±)|n〉 are pure imaginary or null.
Unitarization of the non-unitary realization. Calculating
the matrix element of eq. (20) between the basis vectors 〈n+1|
and |n〉 and using eq. (28), we obtain the equation satisfied
by 〈n|S 2(nˆ)|n〉 ≡ S 2(n) of the similarity transformation S 2(nˆ),
which transforms the non-unitary realization B¯(−1)(Jμ) to the
unitary realization B˘(−1)(Jμ):







− C0C2(q + 1)
q − 1 D(2,−n − 1)
]
〈n + 1|S 2(nˆ)|n + 1〉2. (31)
Its solution is
S 2(n) = ε0
[ −C0








−C1(q − 1)(q2 − s)ql+1(ql+1 − sl+1)




with the initial condition being 〈0|S 2(nˆ)|0〉 = ε0 (ε0 is a real
number).
4 Conclusion
In this paper we have obtained the single boson and the single
inversion boson realizations of the five-parameter deformed
algebra Rc0 ,c1,c2q,s by generalizing the Holstein-Primakoﬀ re-
alization and the Dyson realization of SU(2). Hence, using
these results, the representations of Rc0 ,c1,c2q,s in the Fock space
F may be directly obtained using eqs. (5)–(7), which are
not given here. Comparing the boson realization for α = 0
(see eqs. (13) and (15)) with the inversion boson realiza-
tion (see eqs. (25) and (26)), there are simple replacements:
nˆ+1→ −nˆ in the functions h(nˆ) and D(x, nˆ), and nˆ+1→ 1/nˆ
elsewhere. We have revealed the fact that the non-unitary re-
alizations and the unitary ones may be related by the similar-
ity transformations, which have been obtained by solving the
corresponding unitarization equations.
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